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We present a generalized phenomenological formalism for analyzing the original Eo¨tvo¨s experiment
in the presence of gravity and a generic “5th force.” To date no evidence for a 5th force has emerged
since its presence was suggested by a 1986 reanalysis of the 1922 publication coauthored by Eo¨tvo¨s,
Peka`r, and Fekete (EPF). However, our generalized analysis introduces new mechanisms capable in
principle of accounting for the EPF data, while at the same time avoiding detection by most recent
experiments carried out to date. As an example, some of these mechanisms raise the possibility that
the EPF signal could have arisen from an unexpected direction if it originated from the motion of
the Earth through a medium.
I. INTRODUCTION
The results of the well-known Eo¨tvo¨s experiment were published in 1922 [1] by Eo¨tvo¨s Peka`r and Fekete (EPF),
following the passing of Eo¨tvo¨s in 1919. The EPF experiment, which was a test of what is now referred to as the
weak equivalence principle (WEP), quoted limits on possible WEP violations which were approximately 300 times
more sensitive than those from an earlier experiment by Bessel (cited in [1]). However, a 1986 reanalysis of the EPF
results [2] revealed a pattern in the EPF data which was consistent with the presence of a new interaction coupling to
baryon number B, the so-called “5th force” [2]. This force was attributed to the virtual exchange of massive vector
bosons coupling with fundamental “charge” f to baryon number B, giving rise to a two-body potential of the form
V12(r) = f
2B1B2
r
e−r/λ, (1)
where λ = ~/mbc determines the range of the interaction in terms of the boson mass mb. Notwithstanding the
seemingly compelling evidence for a 5th force that emerged from Ref. [2], a force with the characteristics suggested by
Ref. [2] (a force of intermediate range with roughly gravitational strength) does not appear to be present in nature.
(For reviews of the many experiments conducted since 1986, see Refs. [3–7]).
If we believe that EPF carried out their experiment correctly, and that the subsequent analysis in Ref. [2] of
the EPF data is also correct, then the failure of the community to detect a 5th force represents a puzzle which has
recently been termed the “Eo¨tvo¨s Paradox” [8]. Specifically, this paradox arises from the mutual incompatibility of
the following three statements, each of which appears to be correct [8]:
1. There is consensus in the community that there were no obvious flaws in the EPF experiment or in the published
paper [1].
2. There is additional consensus that the analysis of the EPF data reported in Ref. [2] is also correct, along with
its suggestion of a new “5th force” in nature.
3. There is no credible experimental evidence for a new force with the characteristics presented in Ref. [2].
Not surprisingly, most attempts to resolve this paradox have focused on the correctness of the EPF experiment.
Considerable attention has been devoted to the possibility that some overlooked systematic influences, such as gravity
gradients (e.g., Ref. [9]), could be responsible for the EPF data. To date, no compelling mechanism has been advanced
which accounts for the EPF data in terms of classical environmental effects such as temperature, pressure, or humidity
variations, or gravity gradients, etc. (See Ref. [10] for an extensive discussion and references and Ref. [11] describing
an attempt to repeat the EPF experiment with modern technology.) This is not entirely surprising given that the
pattern in the EPF data noted in Ref. [2] depends on a non-classical quantity, the baryon-to-mass ratio of each sample
(B/µ in the notation of Ref. [2]). Further support for the correctness of the EPF experiment comes from a recently
discovered handwritten partial draft by Eo¨tvo¨s (autograph) of what would be eventually become the published EPF
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2paper [12]. As discussed in Ref. [8], this autograph, and various exchanges between Eo¨tvo¨s and Einstein, lend further
support to the inference that the EPF experiment was in fact done correctly.
The object of the present paper is to develop a more general phenomenological framework for analyzing the original
torsion balance experiment of EPF, and the more modern torsion balance experiments in the presence of both gravity
and a possible 5th force. Although the focus of the present paper will be on torsion balance experiments, such as those
by the Eo¨t-Wash collaboration [13–15], the formalism developed here can be extended to apply to other searches for
composition-dependent forces.
The outline of our paper is as follows: In Sec. II we develop the general formalism for combining a composition-
independent gravitational interaction with a general composition-dependent interaction arising from a coupling to
baryon number B that lead to a torque on a torsion balance. In Sec. III we apply this formalism to the EPF
experiment, taking care to include couplings which were omitted in the original EPF analysis [1]. In Sec. IV, the
formalism is then applied to the Eo¨t-Wash (E-W) experiment of Stubbs, et al. [13]. In Sec. V, we demonstrate that
EPF and E-W experiments are sensitive to different 5th force signals, and in following Sec. VI, we illustrate this using
a toy scalar-vector 5th force model. We also consider a qualitatively different scenario to account for the EPF results
arising from forces with a non-zero curl. As we note, such forces could arise from a number of sources, including a
“magnetic” 5th force, or from a dark matter medium. What is significant about such forces in the present context
is that they can appear to arise from unexpected directions, and hence could be rejected as spurious. Since the
sensitivity of the E-W experiment (and others) depends to a great extent on knowing the direction from which the
presumed 5th force is emanating (such as a nearby mountain), most experiments are optimized to seek a particular
signal. Unlike the EPF experiment, more recent force experiments have been designed to set limits on new forces
described by potentials similar to Eq. (1). We will suggest, however, that these experiments may not be as sensitive
as the EPF experiment to other types of forces.
II. GENERAL FORCE ACTING ON A TORSION BALANCE
In order to determine whether a force exists that could have been detected in the Eo¨tvo¨s experiment, but not in
later experiments such as Eo¨t-Wash, we consider here the response of a mass m on a torsion balance to a general
baryon-number-dependent force ~F5, which we will write in the form of a Taylor expansion about the position of the
pivot point ~R. Assuming the Einstein summation convention, the ith component of ~F5, F5i, will be written as
F5i = ξGmqqsource
[
F5i(~R) +D5ij(~R)rj + · · ·
]
, (2)
where ξ is a dimensionless constant, G is the Newtonian gravitational constant, q = B/µ is the baryon number-to-
mass ratio of the sample, qsource is the average baryon-to-mass number ratio of the source, and ~r is the position of the
sample relative to the pivot point. In order for q and qsource to be dimensionless, µ ≡ m/mH, where mH = m(1H1) is
the mass of atomic hydrogen. If ~F5 arises from a potential V5 = ξGmqqsourceV5, then F5i is the gradient of V5, while
D5ij is the gradient of F5i: F5i = −∂iV5; D5ij = ∂jF5i = −∂i∂jV5, and ∂i = ∂/∂Ri. To simplify the notation, we
introduce
f5i ≡ ξGqsourceF5i, (3a)
d5ij ≡ ξGqsourceD5ij . (3b)
Since both the sources and test masses in torsion balance experiments are extended objects, the 5th force charge will
be allowed to vary with position, and hence we replace the mass with the differential mass: mq → q(~r)dm(~r). The
force on the differential element dm(~r) is then given by
dF5i = q(~r)dm(~r) (f5i + d5ijrj + · · · ) . (4)
In addition to the 5th force, the total force ~Ftot will also include the gravitational force ~Fgravity as well as the centripetal
force ~Fcent due to the rotation of the Earth. The ith component of the total force then becomes
Ftot,i = Fgrav,i + Fcent,i +mqf5i +mq`jd5ij , (5)
where m =
∫
dm, q =
∫
q(~r) dm(~r)/m, and `j =
∫
q(~r)rj dm(~r)/mq, and we have dropped terms higher order in ri.
To introduce the reference frames relevant to characterize our torsion balance system, we begin with a local North-
East-Down (NED) frame as shown in Fig. 1. The forces under consideration are defined in this frame, where the axis
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FIG. 1. Representation of the NED reference frame.
of the torsion balance is aligned with the local vertical, found by hanging a plumb bob. The rotation axis bˆ3 of the
torsion balance is then given by
bˆ3 =
~Ftot
|~Ftot|
, (6)
while the bˆ1-axis is along the torsion balance beam when the intrinsic twist in the fiber is zero. Since it is convenient
for this axis to be roughly towards North (Nˆ), this can be achieved if we define the bˆ2-axis, the axis perpendicular to
the torsion balance, as
bˆ2 =
bˆ3 × Nˆ
|bˆ3 × Nˆ |
, (7)
and then let bˆ1 be given by
bˆ1 = bˆ2 × bˆ3. (8)
The bˆ frame is space-fixed in the zero-twist orientation of the beam and makes an angle β with the NED frame as
shown in Fig. 2). If ~Ftot were directed downward, β = 0 and the NED and bˆ frames would coincide.
4FIG. 2. The transformations from the NED frame to the body frame.
We also introduce the body fixed x-y-z frame which is a rotation of the bˆ frame by the angle θ,
Nˆ = xˆcφcβ − yˆsφcβ − zˆsβ , (9a)
Eˆ = xˆsφ + yˆcφ, (9b)
Dˆ = xˆcφsβ − yˆsφsβ + zˆcβ . (9c)
Here and throughout the rest of the text, we use the notation
cφ ≡ cosφ, (10a)
sφ ≡ sinφ, (10b)
and similar expressions for angles β, etc. The frame relations are also depicted in Figure 2.
To find the torque on the torsion balance, we use the Lagrangian formulation
d
dt
(
∂L
∂φ˙
)
− ∂L
∂φ
= Q5φ, (11)
where Q5φ is the generalized 5th force given by,
dQ5φ =
∂ri
∂φ
· dF5i
= q(~r)dm(~r)
(
f5i
∂ri
∂φ
+ d5ijrj
∂ri
∂φ
)
= q(~r)ρ(~r)dV
(
f5i
∂ri
∂φ
+ d5ijrj
∂ri
∂φ
)
. (12)
We note that ~r here, and in Eq. (2), is the position of the particle in the NED frame, which can be written as
~r = xxˆ+ yyˆ + zzˆ
= (xcφcβ − ysφcβ − zsβ) Nˆ + (xsφ + ycφ) Eˆ
+ (xcφsβ − ysφsβ + zcβ) Dˆ. (13)
It is straightforward to show that the angular derivative of ~r is
∂~r
∂φ
= (−xsφcβ − ycφcβ) Nˆ + (xcφ − ysφ) Eˆ + (−xsφsβ − ycφsβ) Dˆ. (14)
5TABLE I. Notation correspondence between EPF (Ref. [1]) and this work.
This work EPF Description
I K Moment of Inertia
Vgrav −U Gravitational Potential Energy
δ L Observation scale length
L `a Torsion Balance length
m Ma Sample mass
β  Plumb bob angle
∆φ ∆α Intrinsic twist of the wire
σ m = nE − nW East-West observation difference
xˆ
yˆ
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q2
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h
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φ
FIG. 3. Side view of the Eo¨tvo¨s Experiment.
III. APPLICATION TO THE EPF EXPERIMENT
To be more consistent with current practices, we have modified the notation of Ref. [1] as shown in Table I. The
EPF experiment compared two masses, as shown in Fig. 3. Mass 1 was located along the balance towards North and
hung a distance h below the balance. Mass 2 was located along the balance towards the South and was located at
the same height as the balance.
The product of the 5th force charge and the mass density of the EPF samples can be written as,
q (~r) ρ (~r) = q1δ (x− L) δ (y) δ (z − h) + q2δ (x+ L) δ (y) δ (z) . (15)
6yˆ
zˆ
xˆ
q2
LL
φ
FIG. 4. Top view of the Eo¨tvo¨s Experiment.
Using Eq. (15), the torque on the fiber can then be expressed in the form
T5 = −(q1 − q2)mLcβsφf5x + (q1 − q2)mLcφf5y − (q1 − q2)mLsβsφf5z
−(q1 + q2)I
2
c2βcφsφd5xx + q1mLhsβcβsφd5xx
+(q1 + q2)
I
2
cβc
2
φd5yx − q1mLhsβcφd5yx
−(q1 + q2)I
2
cβsβcφsφd5zx + q1mLhs
2
βsφd5zx
−(q1 + q2)I
2
cβs
2
φd5xy + (q1 + q2)
I
2
cφsφd5yy − (q1 + q2)I
2
sβs
2
φd5zy
−(q1 + q2)I
2
cβsβcφsφd5xz − q1mLhc2βsφd5xz
+(q1 + q2)
I
2
sβc
2
φd5yz + q1mLhcβcφd5yz
−(q1 + q2)I
2
s2βcφsφd5zz − q1mLhsβcβsφd5zz. (16)
We also need the gravitational and centrifugal force vectors, which can be determined in two ways. First, we could
form the Lagrangian using the gravitational potential energy and the effective potential energy for the centrifugal force.
Then we expand the Lagrangian to second order in ~r, and finally apply Eq. (11) to find the torque. Alternatively,
we can use the results from Eq. (16) to quickly deduce the remaining terms, as Eq. (16) was written generically. We
simply let q1 = q2 = 1, fi = −∂iVgrav + Fcent,i/m, and dij = −∂i∂jVgrav, where Vgrav is the gravitational potential
and Fcent,i is the ith component of the centrifugal force. The Newtonian contribution to the torque is then given,
Tgrav = Ic
2
βcφsφ∂
2
xVgrav −mLhsβcβsφ∂2xVgrav − Icβ(c2φ − s2φ)∂x∂yVgrav
+mLhsβcφ∂x∂yVgrav + 2Icβsβcφsφ∂x∂zVgrav +mLh(c
2
β
−s2β)sφ∂x∂zVgrav − Icφsφ∂2yVgrav − Isβ(c2φ − s2φ)∂y∂zVgrav
−mLcβcφ∂y∂zVgrav + Is2βcφsφ∂2zVgrav +mLhsβcβsφ∂2zVgrav. (17)
7When β and sβ are small, so that cβ ≈ 1, the gravitational terms simplify to
Tgrav ≈
[
−I(∂2yVgrav − ∂2xVgrav)
s2φ
2
− I∂x∂yVgravc2φ
+mLh∂x∂zVgravsφ −mLh∂y∂zVgravcφ
]
−I∂y∂zVgravsβc2φ +mLh∂x∂yVgravsβcφ
−mLh∂2xVgravsβsφ + I∂x∂zVgravsβs2φ
+mLh∂2zVgravsβsφ. (18)
The first five terms (in square brackets) reproduce those of EPF [1] (up to a sign), while the remaining five terms do
not appear in [1], since they contain sβ multiplied by gravity gradients which EPF neglected.
The total torque can then be written as
Ttotal =
[
− I(∂2yVgrav − ∂2xVgrav)
s2φ
2
− I∂x∂yVgravc2φ
+mLh∂x∂zVgravsφ −mLh∂y∂zVgravcφ
]
EPF
+
[
q+
I
4
(d5yy − d5xx) s2φ + q+ I
4
(d5yx + d5xy) c2φ
−q1mLhd5xzsφ + q1mLhd5yzcφ − q−mLf5zsβsφ
+q+
I
4
(d5yz + d5zy) sβc2φ − q1mLhd5yxsβcφ
+q1mLhd5xxsβsφ − q+ I
4
(d5xz + d5zx) sβs2φ
−q1mLhsβsφd5zz
]
EPF+
+
[
− q−mLf5xsφ + q−mLf5ycφ
]
EPFx
+
[
q+
I
4
(d5yx − d5xy) + q+ I
4
(d5yz − d5zy) sβ
]
NZC
. (19)
To more easily compare our results to those of EPF, we adopt a convention where in the first set of square brackets,
[ ]EPF, are those terms that appear in Eq. (8) of Ref. [1] (the gravity gradient terms). These are followed by our
three new “non-EPF” terms: In Eq. (19), the [ ]EPF+ terms are the 5th-force equivalents to the gravity gradients.
The [ ]EPF+ terms should reduce to the [ ]EPF terms if the 5th force is replaced by the gravitational force. The [ ]EPFx
terms are entirely new (x and y direction forces), and the [ ]NZC terms are only relevant if the 5th force has a nonzero
curl. Such terms can arise from the interactions of the test samples with a medium, and thus represent a possible
new mechanism which might account for the EPF results.
We now introduce the scale value n, the constant n0, the length L, and the torsion constant τ of the wire and write
the torque as
Ttotal = τ
n0 − n
2δ
. (20)
8The measured quantity is then
n0 − n =
[
− δ
τ
I(∂2yVgrav − ∂2xVgrav)s2φ −
2δ
τ
I∂x∂yVgravc2φ
+
2δ
τ
mLh∂x∂zVgravsφ − 2δ
τ
mLh∂y∂zVgravcφ
]
EPF
+
[
q+
δ
τ
I
2
(d5yy − d5xx) s2φ + q+ δ
τ
I
2
(d5yx + d5xy) c2φ
−q1 2δ
τ
mLhd5xzsφ + q1
2δ
τ
mLhd5yzcφ − q− 2δ
τ
mLf5zsβsφ
+q+
δ
τ
I
2
(d5yz + d5zy) sβc2φ − q1 2δ
τ
mLhd5yxsβcφ
+q1
2δ
τ
mLhd5xxsβsφ − q+ δ
τ
I
2
(d5xz + d5zx) sβs2φ
−q1 2δ
τ
mLhd5zzsβsφ
]
EPF+
+
[
−q− 2δ
τ
mLf5xsφ + q−
2δ
τ
mLf5ycφ
]
EPFx
+
[
q+
δ
τ
I
2
(d5yx − d5xy) + q+ δ
τ
I
2
(d5yz − d5zy) sβ
]
NZC
. (21)
EPF measured the scale value in four orientations: North (N), East (E), South (S), and West (W). When the
apparatus is pointed toward the North, the deflection of the balance from North is simply due to the intrinsic twist
∆φ in the wire. Thus,
φN = ∆φ, (22a)
sφN = ∆φ, (22b)
s2φN = 2∆φ, (22c)
cφN = 1, (22d)
c2φN = 1. (22e)
Then,
n0 − nN =
[
−2δ
τ
I(∂2yVgrav − ∂2xVgrav)∆φ−
2δ
τ
I∂x∂yVgrav
+
2δ
τ
mLh∂x∂zVgrav∆φ− 2δ
τ
mLh∂y∂zVgrav
]
EPF
+
[
q+
δ
τ
I (d5yy − d5xx) ∆φ+ q+ δ
τ
Id5yx
−q1 2δ
τ
mLhd5xz∆φ+ q1
2δ
τ
mLhd5yz
+q+
δ
τ
Id5yzsβ − q1 2δ
τ
mLhd5yxsβ
]
EPF+
+
[
−q− 2δ
τ
mLf5x∆φ+ q−
2δ
τ
mLf5y
]
EPFx
. (23)
When the apparatus is pointed in the Eastern direction, the deflection of the beam balance from North is due
to a combination of the intrinsic twist, the difference in the measurements nN and nE , and a factor of pi/2 due to
9physically rotating the balance. Thus
φE = ∆φ+
nN − nE
2δ
+
pi
2
, (24a)
sφE = 1, (24b)
s2φE = −2
(
∆φ+
nN − nE
2δ
)
, (24c)
cφE = −
(
∆φ+
nN − nE
2δ
)
, (24d)
c2φE = −1, (24e)
n0 − nE =
[
2δ
τ
I(∂2yVgrav − ∂2xVgrav)
(
∆φ+
nN − nE
2δ
)
+
2δ
τ
I∂x∂yVgrav
+
2δ
τ
mLh∂x∂zVgrav +
2δ
τ
mLh∂y∂zVgrav
(
∆φ+
nN − nE
2δ
)]
EPF
+
[
−q+ δ
τ
I (d5yy − d5xx)
(
∆φ+
nN − nE
2δ
)
− q+ δ
τ
Id5xy
−q1 2δ
τ
mLhd5xz − q1 2δ
τ
mLhd5yz
(
∆φ+
nN − nE
2δ
)
−q− 2δ
τ
mLf5zsβ − q+ δ
τ
Id5zysβ
+q1
2δ
τ
mLhd5xxsβ − q1 2δ
τ
mLhd5zzsβ
]
EPF+
+
[
−q− 2δ
τ
mLf5x − q− 2δ
τ
mLf5y
(
∆φ+
nN − nE
2δ
)]
EPFx
. (25)
Rotating the apparatus to point in the Southern direction yields
φS = ∆φ+
nN − nS
2δ
+ pi, (26a)
sφS = −
(
∆φ+
nN − nS
2δ
)
, (26b)
s2φS = 2
(
∆φ+
nN − nS
2δ
)
, (26c)
cφS = −1, (26d)
c2φS = 1, (26e)
and,
n0 − nS =
[
−2δ
τ
I(∂2yVgrav − ∂2xVgrav)
(
∆φ+
nN − nS
2δ
)
− 2δ
τ
I∂x∂yVgrav
−2δ
τ
mLh∂x∂zVgrav
(
∆φ+
nN − nS
2δ
)
+
2δ
τ
mLh∂y∂zVgrav
]
EPF[
+q+
δ
τ
I (d5yy − d5xx)
(
∆φ+
nN − nS
2δ
)
+ q+
δ
τ
Id5yx
+q1
2δ
τ
mLhd5xz
(
∆φ+
nN − nS
2δ
)
− q1 2δ
τ
mLhd5yz
+q+
δ
τ
Id5yzsβ + q1
2δ
τ
mLhd5yxsβ
]
EPF+
+
[
q−
2δ
τ
mLf5x
(
∆φ+
nN − nS
2δ
)
− q− 2δ
τ
mLf5y
]
EPFx
. (27)
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Finally, rotating the apparatus to point in the Western direction yields
φW = ∆φ+
nN − nW
2δ
+
3pi
2
, (28a)
sφW = −1, (28b)
s2φW = −2
(
∆φ+
nN − nW
2δ
)
, (28c)
cφW =
(
∆φ+
nN − nW
2δ
)
, (28d)
c2φW = −1, (28e)
and,
n0 − nW =
[
2δ
τ
I(∂2yVgrav − ∂2xVgrav)
(
∆φ+
nN − nW
2δ
)
+
2δ
τ
I∂x∂yVgrav
−2δ
τ
mLh∂x∂zVgrav − 2δ
τ
mLh∂y∂zVgrav
(
∆φ+
nN − nW
2δ
)]
EPF
+
[
−q+ δ
τ
I (d5yy − d5xx)
(
∆φ+
nN − nW
2δ
)
− q+ δ
τ
Id5xy
+q1
2δ
τ
mLhd5xz + q1
2δ
τ
mLhd5yz
(
∆φ+
nN − nW
2δ
)
+q−
2δ
τ
mLf5zsβ − q+ δ
τ
Id5zysβ
−q1 2δ
τ
mLhd5xxsβ + q1
2δ
τ
mLhd5zzsβ
]
EPF+
+
[
q−
2δ
τ
mLf5x + q−
2δ
τ
mLf5y
(
∆φ+
nN − nW
2δ
)]
EPFx
. (29)
To eliminate the contributions from gravity gradients, we combine measurements by introducing σ ≡ nN − nS ,
where
σ =
[
−2δ
τ
I(∂2yVgrav − ∂2xVgrav)
(
nN − nS
2δ
)
−2δ
τ
mLh∂x∂zVgrav
(
2∆φ+
nN − nS
2δ
)
+
4δ
τ
mLh∂y∂zVgrav
]
EPF
+
[
q+
δ
τ
I (d5yy − d5xx)
(
nN − nS
2δ
)
+ q1
4δ
τ
mLhd5yxsβ
+q1
2δ
τ
mLhd5xz
(
2∆φ+
nN − nS
2δ
)
− q1 4δ
τ
mLhd5yz
]
EPF+
+
[
q−
2δ
τ
mLf5x
(
2∆φ+
nN − nS
2δ
)
− q− 4δ
τ
mLf5y
]
EPFx
=
4δ
τ
mLh
(
∂y∂zVgrav − q1d5yz − q− f5y
h
)
−2δ
τ
I
[
(∂2yVgrav − ∂2xVgrav)−
q+
2
(d5yy − d5xx)
] nN − nS
2δ
−2δ
τ
mLh
(
∂x∂zVgrav − q1d5xz − q− f5x
h
)(
2∆φ+
nN − nS
2δ
)
+q1
4δ
τ
mLhsβd5yx. (30)
11
Similarly, for ν ≡ nE − nW ,
ν =
[
2δ
τ
I(∂2yVgrav − ∂2xVgrav)
(
nE − nW
2δ
)
−4δ
τ
mLh∂x∂zVgrav − 2δ
τ
mLh∂y∂zVgrav
(
2∆φ+
2nN − nE − nW
2δ
)]
EPF
+
[
−q+ δ
τ
I (d5yy − d5xx)
(
nE − nW
2δ
)
+ q−
4δ
τ
mLf5zsβ
+q1
4δ
τ
mLhd5xz + q1
2δ
τ
mLhd5yz
(
2∆φ+
2nN − nE − nW
2δ
)
−q1 4δ
τ
mLhd5xxsβ + q1
4δ
τ
mLhd5zzsβ
]
EPF+
+
[
q−
4δ
τ
mLf5x + q−
2δ
τ
mLf5y
(
2∆φ+
2nN − nE − nW
2δ
)]
EPFx
= −4δ
τ
mLh
(
∂x∂zVgrav − q1d5xz − q− f5x
h
)
+
2δ
τ
I
[
(∂2yVgrav − ∂2xVgrav)−
q+
2
(d5yy − d5xx)
] nE − nW
2δ
−2δ
τ
mLh
(
∂y∂zVgrav − q1d5yz − q− f5y
h
)(
2∆φ+
2nN − nE − nW
2δ
)
+q−
4δ
τ
mLsβf5z + q1
4δ
τ
mLhsβd5zz − q1 4δ
τ
mLhsβd5xx. (31)
Equations (30) and (31) reproduce Eqs. (14) and (15) in the original EPF work[1]. In the final step of both
equations, we have deviated from our convention of grouping the Eo¨tvo¨s contributions at the beginning of the equation,
to grouping the terms in such a way as to simplify the next step of the analysis, the computation of ν/σ. In Ref [1],
ν contained the WEP-violating term of interest along with gravity-gradient terms, while σ contained only gravity-
gradients. To remove the gravity gradient contributions, EPF divided ν by σ. Eqs. (30) and (31) can be further
simplified by defining
τ
σ
2δ
= C1 − C2nN − nS
2δ
− C3
(
2∆φ+
nN − nS
2δ
)
+ C4sβ , (32)
τ
ν
2δ
= −D1 +D2nE − nW
2δ
−D3
(
2∆φ+
2nN − nE − nW
2δ
)
+D4sβ , (33)
with
C1 = 2mLh
(
∂y∂zVgrav − q1d5yz − q− f5y
h
)
, (34)
C2 = I
[
(∂2yVgrav − ∂2xVgrav)−
q+
2
(d5yy − d5xx)
]
, (35)
C3 = mLh
(
∂x∂zVgrav − q1d5xz − q− f5x
h
)
, (36)
C4 = 2q1mLhd5yx, (37)
D1 = 2mLh
(
∂x∂zVgrav − q1d5xz − q− f5x
h
)
= 2C3, (38)
D2 = I
[
(∂2yVgrav − ∂2xVgrav)−
q+
2
(d5yy − d5xx)
]
= C2, (39)
D3 = mLh
(
∂y∂zVgrav − q1d5yz − q− f5y
h
)
=
1
2
C1, (40)
D4 = 2q−mLf5z + 2q1mLhd5zz − 2q1mLhd5xx. (41)
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The definitions of the C’s and D’s have been chosen so that the Ci and Di would all have the same approximate
magnitude. We assume, for the moment, that the d5’s are roughly the same order of magnitude as the gravity
gradients, and that ~f5/h is also of the same magnitude. Since h and L are of the same order, I and mLh will be as
well. Returning to Eqs. (32) and (33), we know that ∆α and sβ are small, and that δ is larger than nN , nE , nS , and
nW . Hence the lowest order approximations of σ and ν are given by,
τ
σ
2δ
≈ C1 = 2mLh
(
∂y∂zVgrav − q1d5yz − q− f5y
h
)
, (42)
τ
ν
2δ
≈ −D1 = −2mLh
(
∂x∂zVgrav − q1d5xz − q− f5x
h
)
. (43)
It follows from the preceding discussion that our analog of the EPF expression for ν/σ is given by
ν
σ
=
−D1 + C2 nE−nW2δ − C1
(
∆φ+ 2nN−nE−nW4δ
)
+D4sβ
C1 − C2 nN−nS2δ −D1
(
∆φ+ nN−nS4δ
)
+ C4sβ
=
−D1 + C2 nE−nW2δ − C1
(
∆φ+ 2nN−nE−nW1δ
)
+D4sβ
C1
(
1− C2C1 nN−nS2δ − D1C1
(
∆φ+ nN−nS4δ
)
+ C4C1 sβ
)
≈
(
−D1
C1
+
C2
C1
nE − nW
2δ
−
(
∆φ+
2nN − nE − nW
4δ
)
+
D4
C1
sβ
)
×
(
1 +
C2
C1
nN − nS
2δ
+
D1
C1
(
∆φ+
nN − nS
4δ
)
− C4
C1
sβ
)
≈ −D1
C1
+
C2
C1
nE − nW
2δ
−
(
∆φ+
2nN − nE − nW
4δ
)
+
D4
C1
sβ
−D1
C1
C2
C1
nN − nS
2δ
−
(
D1
C1
)2(
∆φ+
nN − nS
4δ
)
+
D1
C1
C4
C1
sβ . (44)
We can now use our approximations (42) and (43) to simplify Eq. (44). In every term except the first, D1/C1 can
be replaced by −ν/σ, and C1 by τσ/2δ. (These substitutions serve to express C1 and D1/C1 in terms of the measured
quantities σ and ν). Using σ = nN − nS and ν = nE − nW , we can now write
ν
σ
= −D1
C1
+
2C2
τ
ν
σ
−
(
ν2
σ2
+ 1
)
∆φ− 2nN − nE − nW
4δ
−ν
2
σ2
σ
4δ
+
2δ
στ
D4sβ − ν
σ
2δ
στ
C4sβ . (45)
Eq. (45) can be further simplified by noting that since f5i/h and d5ij are presumed to be much smaller than the
gravity gradient terms, we can approximate σ and ν as simply the gravity gradient terms to lowest order,
τ
σ
2δ
≈ 2mLh∂y∂zVgrav, (46)
τ
ν
2δ
≈ −2mLh∂x∂zVgrav. (47)
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Similarly, the first term in Eq. (45) can be approximated as,
D1
C1
=
(
∂x∂zVgrav − q1d5xz − q− f5xh
)
(
∂y∂zVgrav − q1d5yz − q− f5yh
)
=
(
∂x∂zVgrav − q1d5xz − q− f5xh
)
∂y∂zVgrav
(
1− q1d5yz + q−
f5y
h
∂y∂zVgrav
)−1
≈ ∂x∂zVgrav
∂y∂zVgrav
− q1d5xz + q−
f5x
h
∂y∂zVgrav
+
∂x∂zVgrav
∂y∂zVgrav
q1d5yz + q−
f5y
h
∂y∂zVgrav
≈ ∂x∂zVgrav
∂y∂zVgrav
− q1 1
∂y∂zVgrav
(
d5xz − ∂x∂zVgrav
∂y∂zVgrav
d5yz
)
+
q−
h
1
∂y∂zVgrav
(
f5x − ∂x∂zVgrav
∂y∂zVgrav
f5y
)
. (48)
Using Eq. (46), (∂y∂zVgrav)
−1
can be expressed in terms of σ, and (∂x∂zVgrav/∂y∂zVgrav) can be replaced by (−ν/σ)
in the second and third terms. It then follows that
D1
C1
≈ ∂x∂zVgrav
∂y∂zVgrav
− q1 4δ
στ
mLh
(
d5xz +
ν
σ
d5yz
)
+q−
4δ
στ
mL
(
f5x +
ν
σ
f5y
)
. (49)
Combining Eqs. (45) and (49) we then find,
ν
σ
=
[
−∂x∂zVgrav
∂y∂zVgrav
+
2I
τ
ν
σ
(
∂2yVgrav − ∂2xVgrav
)− (ν2
σ2
+ 1
)
∆φ
−ν
2
σ2
σ
4δ
− 2nN − nE − nW
4δ
]
EPF
+
[
q−
4δ
στ
mLsβf5z + q1
4δ
στ
mLh
(
d5xz +
ν
σ
d5yz
)
−q+ I
τ
ν
σ
(d5yy − d5xx)− q1 4δ
στ
mLhsβ
(
d5xx +
ν
σ
d5yx − d5zz
)]
EPF+
+
[
q−
4δ
στ
mL
(
f5x +
ν
σ
f5y
)]
EPFx
. (50)
In Eq. (50) we have returned to our convention of grouping the EPF terms first. To eliminate the surviving gradient
contributions, the sample q1 is replaced with the sample q
′
1 and the measurements are repeated, leading to a new term
ν′/σ′. We can then cancel the gravity gradient contributions to lowest working order by noting that
ν
σ
− ν
′
σ′
=
[
−
(
ν2
σ2
+ 1
)
(∆φ−∆φ′)
]
+
[
∆q
4δ
στ
mLsβf5z
]
+
[
∆q
4δ
στ
mL
(
f5x +
ν
σ
f5y
)
−∆q I
τ
ν
σ
(d5yy − d5xx)
+∆q
4δ
στ
mLh
(
d5xz +
ν
σ
d5yz
)
−∆q 4δ
στ
mLhsβ
(
d5xx +
ν
σ
d5yx − d5zz
)]
. (51)
14
In Eq. (51), ∆q = q1 − q′1, and the first bracket corresponds to Eq. (18) of EPF[1]. The objective of the EPF
experiment was to measure the differences of the WEP-violating parameters for the different substances, referred to
as κa − κ′a, and from Eq. (19) of [1],
κa − κ′a =
στ
4σmLgsβ
[(
ν
σ
− ν
′
σ′
)
+
(
ν2
σ2
+ 1
)
(∆φ−∆φ′)
]
. (52)
This parameter, which is represented by η in modern works [16], and referred to as the “Eo¨tvo¨s Parameter,” can be
written in terms of our 5th force by combining Eq. (19) of [1] with Eq. (51) above:
ηEPF = ∆κsβ =
στ
4σmLg
[(
ν
σ
− ν
′
σ′
)
+
(
ν2
σ2
+ 1
)
(∆φ−∆φ′)
]
= ∆q
f5z
g
sβ + ∆q
1
g
(
f5x +
ν
σ
f5y
)
−∆qL
g
ν
2δ
(d5yy − d5xx)
+∆q
h
g
(
d5xz +
ν
σ
d5yz
)
−∆q h
g
sβ
(
d5xx +
ν
σ
d5yx − d5zz
)
. (53)
As in the discussion following Eq. (2), ∆q is the difference in the 5th force charges of the samples, where q = B/µ, B
is baryon number, and µ is mass in units of m(1H1).
IV. APPLICATION TO THE EO¨T-WASH EXPERIMENT
For illustrative purposes, we next apply the preceding formalism to the Eo¨t-Wash (E-W) experiment of Stubbs et
al. [13], which employed four masses, two of each sample 1 and 2. They form two perpendicular 5th force dipoles and
an overall mass quadrupole, as illustrated in Fig. 5.
The product of the fifth-force charge q(~r) and the mass density ρ(~r) can be written as
q (~r) ρ (~r) = q1m [δ (x− L) δ (y) δ (z) + δ (x) δ (y − L) δ (z)]
+q2m [δ (x+ L) δ (y) δ (z) + δ (x) δ (y + L) δ (z)] . (54)
Starting from Eq. (19) for the torque, we let φ → φ + pi/2, and add the result to the original expression. If we then
set h = 0, the 5th force torque, T5 is given by,
T5 = −(q1 − q2)mL(sφ + cφ)f5x − (q1 − q2)mL(sφ − cφ)f5y − (q1 − q2)mLsβ(sφ + cφ)f5z
−(q1 + q2)I
2
(d5yx − d5xy) + (q1 + q2)I
2
sβ(d5yz − d5zy)
= −(q1 − q2)mL
√
2 (f5x + sβf5z) cos
(
φ− pi
4
)
− (q1 − q2)mL
√
2f5y sin
(
φ− pi
4
)
−(q1 + q2)I
2
(d5yx − d5xy) + (q1 + q2)I
2
sβ(d5yz − d5zy). (55)
To eliminate the contribution from any intrinsic twist in the fiber we define T (φ) = T5(φ)− T5(φ+ pi), where
T = −(q1 − q2)mL2
√
2 (f5x + sβf5z) cos
(
φ− pi
4
)
− (q1 − q2)mL2
√
2f5y sin
(
φ− pi
4
)
= −(q1 − q2)mL2
√
2
√
(f5x + sβf5z)
2
+ f25y cos (φ+ δ) , (56)
δ = tan−1
(
f5y
f5x + sβf5z
)
− pi
4
. (57)
In Eq. (56) the acceleration difference is ∆a = (q1 − q2)
√
2
√
(f5x + sβf5z)
2
+ f25y, so the Eo¨tvo¨s parameter for the
E-W experiment is
ηEW =
∆a
g
= ∆q
√
2
g
√
(f5x + sβf5z)
2
+ f25y. (58)
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FIG. 5. Test mass arrangement of the Eo¨t-Wash Experiment [13].
V. IMPLICATIONS FOR 5TH FORCE MODELS
We can now contrast the signals from the general 5th force given in Sec. II as they would appear in the EPF and
E-W experiments by comparing the Eo¨tvo¨s parameters, Eqs. (53) and (58), for these experiments:
ηEW =
∆a
g
= ∆q
√
2
g
√
(f5x + sβf5z)
2
+ f25y, (59)
ηEPF = ∆q
f5z
g
sβ + ∆q
1
g
(
f5x +
ν
σ
f5y
)
−∆qL
g
ν
2δ
(d5yy − d5xx)
+∆q
h
g
(
d5xz +
ν
σ
d5yz
)
−∆q h
g
sβ
(
d5xx +
ν
σ
d5yx − d5zz
)
. (60)
The differences between ηEW and ηEPF are evident. While both experiments are sensitive to the coefficients f5i, the
functional dependence appearing in ηEW differs considerably from that in ηEPF. Furthermore, the EPF experiment
is sensitive to a 5th force that depends on d5ij (force gradients), while these terms are absent from ηEW. This
vividly illustrates an important point: while the EPF and E-W experiments both use torsion balances, their different
configurations of test masses and methodologies make them potentially sensitive to different signals. It is thus clearly
possible for a new force to be detected by one experiment and be missed by the other. In the next section, we will
explore these differences in greater detail.
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VI. EXAMPLES OF GENERAL FORCES AND THEIR EFFECTS ON THE EPF AND E-W
EXPERIMENTS
A. Scalar-Vector Model
Since it is not the purpose of this paper to introduce new models of a 5th force, in order to demonstrate the
differences in sensitivity to new forces by the EPF and E-W experiments, in this section we will use a simple scalar-
vector model for illustrative purposes only. The preceding results suggest a possible set of requirements for a 5th
force model aimed at accounting for the EPF data in light of the null result from the E-W experiment [13], and later
variants [4]:
1. The interaction should be proportional to baryon number B.
2. The torque due to the force, f5i, should vanish in the E-W experiment.
3. The torque due to the 5th force gradients, d5ij , should be nonzero in the EPF experiment.
4. If the new interaction arises from terrestrial sources, it should be of relatively short range, λ on the order of
1 m . λ . 1 km where constraints from existing experiments are comparatively weak.
The first requirement is straightforward to implement. The second and third requirements can be achieved if the force
is small at some points, but not at others, which is the same as requiring that the potential have minima at some
points. As an example, consider the quadratic potential V = 12mω
2 (x− x0)2, which has a minimum at x = x0. The
force, Fx = mω
2 (x− x0), vanishes at x0, while its derivative, dxx = mω2, is nonzero, fulfilling the second and third
requirements.
To illustrate how such a quadratic potential could arise from elementary particle physics consider an interaction
resulting from the simultaneous exchange of a scalar and vector boson coupling to baryon number, whose potential
energies naturally enter with opposite signs,
VS(~r) = −Gmimjqiqj ξS
r
e−r/λS , (61)
VV (~r) = Gmimjqiqj
ξV
r
e−r/λV , (62)
where qk = Bk/µk is the baryon-number-dependent charge, and we have used the notation from Ref. [4].
To carry out the integrations over the mass distributions, we note that the Earth serves as the dominant source for
the EPF experiment, and one of two sources for the E-W experiment. If the Earth is modeled as a uniform sphere,
with the experimental apparatus located a distance z above the surface, the integral over the volume of the Earth is
given by
Vk = ±Gmiqiξk
∫
d3r′ρ (~r ′) q⊕ (~r ′)
e−|~r−~r ′|/λk
|~r − ~r ′| , (63)
where Vk denotes VS or VV in Eqs. (61) and (62). For a uniform sphere, ρ⊕ and q⊕ are constants in which case,
Vk = ±Gρ⊕miqiq⊕ξk
∫ 2pi
0
dφ′
∫ R⊕
0
dr′r′2
×
∫ pi
0
dθ′ sin θ′
e−
√
r′2+r2−2rr′ cos θ′/λk√
r′2 + r2 − 2rr′ cos θ′
. (64)
Let u =
√
r′2 + r2 − 2rr′ cos θ′, then du = rr′ sin θ′dθ′/
√
r′2 + r2 − 2rr′ cos θ′, and integrating over φ′, yields
Vk = ±2piGρ⊕miλk
r
qiq⊕ξk
∫ R
0
dr′r′
(
e−|r−r′|/λk − e−(r+r′)/λk
)
. (65)
Integrating over r′ in Eq. (65) we then find,
Vk = ±3
2
GM⊕mi
R⊕ + z
qiq⊕ξk
(
λk
R⊕
)2
e−z/λk
×
[(
1− λk
R⊕
)
+
(
1 +
λk
R⊕
)
e−2R⊕/λk
]
. (66)
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Since the apparatus is close to the surface (z  R⊕), and the force is of short range (λk  R⊕), Eq. (66) can be
simplified to read,
Vk = ±3
2
GM⊕mi
R⊕
qiq⊕ξk
(
λk
R⊕
)2
e−z/λk . (67)
The total potential and force are then given by,
Vtot =
3
2
GM⊕mi
R⊕
qiq⊕
[
ξV
(
λV
R⊕
)2
e−z/λV − ξS
(
λS
R⊕
)2
e−z/λS
]
, (68)
~Ftot =
3
2
GM⊕mi
R2⊕
qiq⊕
[
ξV
(
λV
R⊕
)
e−z/λV − ξS
(
λS
R⊕
)
e−z/λS
]
zˆ
=
3
2
gNmiqiq⊕
(
ξV e
−z/λV − ξSe−z/λS
)
zˆ. (69)
In Eq. (69), we have introduced the gravitational acceleration due to Earth, gN , and have defined ξV = ξV (λV /R⊕).
To clarify the direction of the unit vector zˆ in Eq. (69), we note that the integral over the Earth’s volume used a
standard spherical reference frame, in which our apparatus was located radially away from the center of the Earth at
a distance of R+ z. In our NED frame (Figure 1) this direction corresponds to −Dˆ, and hence we can replace zˆ with
−Dˆ in Eq. (69).
The second source for the E-W experiment was a hill located North of the apparatus. For present purposes, this
hill can be modeled as an infinite half plane with the apparatus located a distance z above the plane. We assume for
simplicity that the hill has the same q and ρ as the Earth, and we express the mass element at dmj = ρ⊕r′dr′dφ′dz′
in cylindrical coordinates. Then,
Vk = ±Gρ⊕miqiq⊕ξk
∫ 2pi
0
dφ′
∫ 0
−∞
dz′
×
∫ ∞
0
dr′ r′
e−
√
r′2+(z−z′)2/λk√
r′2 + (z − z′)2
. (70)
Substituting u =
√
r′2 + (z − z′)2, with du = r′dr′/
√
r′2 + (z − z′)2, we find after integrating over φ′
Vk = ±2piGρ⊕miqiq⊕ξkλk
∫ 0
−∞
dz′ e−|z−z′|/λk . (71)
Since z is positive and z′ is always negative, we can drop the absolute value and write
Vk = ±2piGρ⊕miqiq⊕ξkλke−z/λk
∫ 0
−∞
dz′ ez
′/λk
= ±3
2
gNmiqiq⊕ξkλke
−z/λk , (72)
where we have introduced the same simplifications as before. It follows from Eqs. (67) and (72) that the potential
for the hill and the Earth have the same functional form. This makes sense since the assumed short range of the
force implies that the apparatus only “sees” the contributions from the Earth in its immediate vicinity, and at that
distance the Earth appears as a flat infinite plane. The force from the hill will then be given by Eq. (69), but we
must again be careful about notation and vectors. In our model, the apparatus was located a distance z above the
semi-infinite plane. However, in reality, the apparatus was located a distance x to the South, so we must replace z in
Eq. (69) with x, and zˆ with −Nˆ . The forces from the Earth and the hill are then given by,
~F⊕ = −3
2
gNmiqiq⊕
(
ξV e
−z/λV − ξSe−z/λS
)
Dˆ, (73)
~Fhill = −3
2
gNmiqiq⊕
(
ξV e
−x/λV − ξSe−x/λS
)
Nˆ . (74)
The equilibrium positions of these functions can then be found by setting the total force equal to zero, from which it
follows that,
zequil =
(
1
λV
− 1
λS
)−1
ln
(
ξV
ξS
)
. (75)
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Since zequil or xequil must be positive, Eq. (75) gives rise to two possibilities:
1
λV
− 1
λS
> 0,
ξV
ξS
> 1, (76a)
1
λV
− 1
λS
< 0,
ξV
ξS
< 1. (76b)
1. Case 1: ξV > ξS, λS > λV
The positivity conditions in Eq. (76a) can be rewritten as
ξS
ξV
< 1, (77a)
λV
λS
< 1. (77b)
We introduce parameters α1 = ξS/ξV and ζ1 = λV /λS which are bounded between zero and unity. The relevant
phenomenological coefficients from Eq. (4) can then be expressed as,
f5x = −3
2
gNq⊕ξV
(
e−x/λV − α1e−xζ1/λV
)
, (78a)
f5z = −3
2
gNq⊕ξV
(
e−z/λV − α1e−zζ1/λV
)
, (78b)
d5zz =
3
2
gNq⊕
ξV
λV
(
e−z/λV − α1ζ1e−zζ1/λV
)
. (78c)
The Eo¨tvo¨s parameters in the EPF and E-W experiments are then given by,
ηEPF
3
2∆qq⊕ξV
≡ ηEPF = −sβ
[
e−zEPF/λV − α1e−zEPFζ1/λV
]
+sβ
h
λV
[
e−zEPF/λV − α1ζ1e−zEPFζ1/λV
]
, (79a)
ηEW
3
2∆qq⊕ξV
≡ ηEW =
√
2
∣∣∣∣−(e−xEW/λV − α1e−xEWζ1/λV )
−sβ
(
e−zEW/λV − α1e−zEWζ1/λV
)∣∣∣∣. (79b)
We note that since ξV simply scales the magnitude of any effect, it is convenient to move it to the left side of the
above equations. This leaves only three parameters which govern the magnitude of the effect: λV , α1, and ζ1.
It is instructive to plot Eqs. (79a) and (79b) for various values of α1, ζ1, and λV . We use sβ = 1.73 × 10−3,
h = 21.2 cm[1], xEW = 10 m, zEPF = zEW = 1 m. The plots are shown in Fig. 6 for EPF and Fig. 7 for E-W. We
note that in Fig. 6, the results are negative for small α1 values and eventually become positive as α1 increases. As
α1 determines the relative strengths of the two Yukawas, we would expect α1 to have a large effect on the sign of
the response. Fig. 7 starts positive and would eventually become negative if not for the absolute value in Eq. (79b);
instead it grows positive. The zeros of ηEW occur at higher λV for increasing α1 and fixed ζ1 and occur at lower λV
for increasing ζ1 at fixed α1. We notice in Fig. 7 that for any α1 and ζ1, there exists a value of λV where the net
signal is zero, which was one of the requirements for this force as discussed in Sect VI A. In fact, these values can be
determined analytically, by setting ηEW = 0 in Eq. (79b): We find
α1 =
e−xEW/λV + sβe−zEW/λV
e−xEWζ1/λV + sβe−zEWζ1/λV
. (80)
The top plot of Fig. 8 shows the values of α1 which give ηEW = 0 for various values of ζ1 and λV . Interestingly, α1
remains less than or equal to one, as required by our initial definition. The bottom plot shows the value of ηEPF for
each triplet (λV , ζ1, α1). As before the answer is negative, and its magnitude peaks near λV ≈ (2−3) m for the entire
range of ζ1, with the actual value decreasing as ζ1 increases.
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FIG. 6. Reduced Eo¨tvo¨s parameter for the Eo¨tvo¨s experiment for various values of α1, ζ1, and λV .
2. Case 2: ξS > ξV , λV > λS
We now write the positivity conditions as
ξV
ξS
≤ 1, (81a)
λS
λV
≤ 1. (81b)
If we introduce parameters α2 = ξV /ξS and ζs = λSλV which are bounded between zero and unity, the relevant
phenomenological coefficients from Eq. (4) can be written as
f5x = −3
2
gNq⊕ξS
(
α2e
−xζ2/λs − e−x/λS
)
, (82a)
f5z = −3
2
gNq⊕ξS
(
α2e
−zζ2/λS − e−z/λS
)
, (82b)
d5zz =
3
2
gNq⊕
ξS
λS
(
α2ζ2e
−zζ2/λS − e−z/λS
)
. (82c)
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FIG. 7. Reduced Eo¨tvo¨s parameter for the Eo¨t-Wash experiment for various values of α1, ζ1, and λV .
The Eo¨tvo¨s parameters in the EPF and E-W experiments are then given by
ηEPF
3
2∆qq⊕ξS
= ηEPF = −sβ
[
α2e
−zEPFζ2/λS − e−zEPF/λS
]
+sβ
h
λS
[
α2ζ2e
−zEPFζ2/λS − e−zEPF/λS
]
, (83a)
ηEW
3
2∆qq⊕ξS
= ηEW =
√
2
∣∣∣∣−(α2e−xEWζ2/λs − e−xEW/λS)
−sβ
(
α2e
−zEWζ2/λS − e−zEWλS
)∣∣∣∣. (83b)
We notice that ηEW will be unchanged from Eq. (79b) due to the absolute value, while ηEPF will change sign from
Eq. (79a). These conclusions are supported by Figs. 9 and 10.
We can once again search for the zeros of ηEW, which are given by Eq. (84). The results are shown in Fig. 11 and
we obtain the same result as in Fig. 8, but with ηEPF having the opposite sign as seen in Fig. 8
α2 =
e−xEW/λS + sβe−zEW/λS
e−xEWζ2/λS + sβe−zEWζ2/λS
. (84)
3. Numerical Analysis
We conclude this section with an estimate of ξS . We choose Case 2 since that will give us the positive ηEW.
From Figure 11, we select, ζ2 = 0.5, λS = 2.5m, which gives α2 = 0.2 and ηEPF = 10
−3. We also note that
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FIG. 8. The top plot shows zeros of ηEW. The bottom plot shows the values of ηEPF at the zeros of ηEW.
ηEPF = ∆κsβ ≈ 10−9[2]. We can then write ξS as
ξS =
R⊕
λS
ξS =
ηEPF
3
2∆qq⊕ηEPF
R⊕
λS
, (85a)
ξV =
R⊕
λV
ξV =
R⊕
λV
α2ξS =
λS
λV
α2ξS = α2ζ2ξS
= α2ζ2
ηEPF
3
2∆qq⊕ηEPF
R⊕
λS
. (85b)
From Ref. [2], ∆q ≈ 10−3 and q⊕ ≈ 1. Using R⊕ = 6 × 106m, we find ξS = 1600 and ξV = 160. Solving for the
coupling constant f2S,V = ξS,VGm
2
H , we then find
f2S = 2.98× 10−55 J ·m = 9.42× 10−30~c, (86a)
f2V = 2.98× 10−56 J ·m = 9.42× 10−31~c. (86b)
Thus, within this toy model using the assumed set of parameters, it is possible to resolve the Eo¨tvo¨s paradox by
assuming the existence of a 5th force that would not have been observed in E-W experiment. However, modifications
to the E-W setup, such as changing its position, would enable it to observe this scalar-vector 5th force. More generally,
however, these results demonstrate the possibility that only one of these experiments would have been sensitive to a
new force.
B. Forces with a Nonzero Curl
As discussed in the Introduction, many experiments have excluded 5th force models based on simple Yukawa
potentials of the form given by Eq. (1). Following Eq. (19), we noted that the last set of terms (denoted by NZC)
have a nonzero curl, and hence cannot describe the interaction of test samples with a force arising from the gradient
of a potential. However, a “magnetic” 5th force analogous to the usual magnetic or gravimagnetic forces would have
this character. Recently Berry and Shukla have investigated so-called “curl force” dynamics [17, 18]. In addition,
nonzero curl forces also arise in fluid dynamics, which in our case might be due to a “dark medium” (e.g., dark matter
or dark energy). An example would be a force arising from a “dark matter wind” as the Earth moves through the
galaxy’s dark matter halo [19].
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FIG. 9. Reduced Eo¨tvo¨s parameter for the Eo¨tvo¨s experiment for various values of α2, ζ2, and λS .
Another example of a nonzero curl force can arise from the interactions of test samples due to the motion of the
Earth through an external dark medium in the presence of a gravitational interaction. As we will show elsewhere,
there can arise from the medium a 5th force contribution whose direction is determined by both the local gravitational
force ~Fg, and the velocity ~v of the Earth through the medium. The new feature is that this direction is in general
different from both Fˆg and vˆ, and hence could be misidentified as a a spurious external perturbation. This suggests
a new class of experiments to search for a possible 5th force, as we will discuss in detail elsewhere.
VII. DISCUSSION
As noted in Sec. I, there is compelling evidence to support the claims that the EPF experiment [1] was done correctly,
and, additionally, that the reanalysis of the EPF data reported in [2] was also correct, leading to the suggestion of
a 5th force. The failure to date of many experiments to detect the 5th force proposed in [2] is thus puzzling. Our
objective in the present paper has been to demonstrate that there may exist a broader class of theories beyond that
proposed in [2] which could also account for the EPF data in [1], while at the same time avoiding detection to date. A
common feature of these alternative theories is that they could give rise to signals coming from unexpected directions,
which could have been misidentified as spurious perturbations. As an example, we demonstrated that the differences
in the designs of the EPF and Eo¨t-Wash experiment [13] makes them sensitive to different 5th force signals. In future
work we will use the formalism presented here to address the question of whether a specific 5th force interaction exists
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FIG. 10. Reduced Eo¨tvo¨s parameter for the Eo¨t-Wash experiment for various values of α2, ζ2, and λS .
which would have shown up in the EPF experiment, but not in more recent 5th force searches.
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